We model the massive dark object at the center of the Galaxy as a Schwarzschild black hole as well as Janis-Newman-Winicour naked singularities, characterized by the mass and scalar charge parameters, and study gravitational lensing (particularly time delay, magnification centroid, and total magnification) by them. We find that the lensing features are qualitatively similar (though quantitatively different) for the Schwarzschild black holes, weakly naked, and marginally strongly naked singularities. However, the lensing characteristics of strongly naked singularities are qualitatively very different from those due the Schwarzschild black holes. The images produced by Schwarzschild black hole lenses and weakly naked and marginally strongly naked singularity lenses always have positive time delays. On the other hand, the strongly naked singularity lenses can give rise to images with positive, zero, or negative time delays. In particular, for a large angular source position the direct image (the outermost image on the same side as the source) due to strongly naked singularity lensing always has negative time delay. We also found that the scalar field decreases the time delay and increases the magnitude of magnifications of images; this result could have important implications for cosmology. As the Janis-Newman-Winicour metric also describes the exterior gravitational field of a scalar star, naked singularities as well as scalar star lenses, if these exist in nature, will serve as more efficient cosmic telescopes than regular gravitational lenses.
I. INTRODUCTION
A naked (visible) singularity is defined as a spacetime singularity which can be seen by some observer and also lies to the future of some point of the spacetime [1] . The well-known weak cosmic censorship hypothesis (WCCH) of Penrose essentially states that, generically, spacetime singularities of physically realistic gravitational collapse are hidden within black holes [1, 2] . The concept of visible singularities is objectionable to many scientists, as their existence is thought to have alarming astrophysical implications. On the other hand, a failure of the WCCH will give us the great opportunity to probe the extremely strong gravitational fields that will help in the discovery of the physical laws of quantum gravity. Despite many industrious efforts, we are still far from having a general proof (or disproof) of this hypothesis, and Penrose [1] expected that radically new mathematical techniques might be required for this purpose. As a proof or disproof of this hypothesis appears to be inordinately difficult, it may be easier to find a persuading counterexample to demonstrate that the hypothesis is not correct. Numerous diligent efforts have been put in this direction in the last four decades; however, we still do not have a single convincing counterexample to the WCCH (see references in [1, 2, 3] ). In a seminal review, Penrose [1] concluded that the question of the cosmic censorship is still very much open and considered this to be possibly the most important unsolved problem in classical general relativity.
Given that we have neither a proof (or disproof) nor a convincing counterexample of the WCCH, it is important to explore whether or not this hypothesis could be tested observationally. To this end, Virbhadra et al. [4] introduced a theoretical research project using the gravitational lensing phenomena and encouraging results came out of that. Further, Virbhadra and Ellis [5] obtained a new gravitational lens equation that allows large deflection of light and therefore it can be used to study strong gravitational field lensing. They used this lens equation to study the gravitational lensing due to light deflection close to the photon sphere of the supermassive "black hole" at the center of the Galaxy. They found that the presence of a photon sphere gives rise to a theoretically infinite sequence of highly demagnified images on both sides of the optical axis (the line joining the lens and the observer) and they termed these relativistic images. Virbhadra and Ellis [7] further extended the previous studies of Virbhadra et al. [4] in detail. They also organized the investigations by classifying naked singularities in two groups: weakly naked and strongly naked singularities. They modeled massive dark objects at the centers of a few galaxies as Schwarzschild black holes and Janis-Newman-Winicour weakly as well as strongly naked singularities, and studied gravitational lensing by them. The Schwarzschild black holes as well as weakly naked singularities have qualitatively similar lensing characteristics : Both have one Einstein ring and no radial critical curves. On the other hand, the strongly naked singularities have qualitatively different lensing features, i.e., they give rise to two or none Einstein rings and one radial critical curve. After publication of these results [4, 5, 6, 7] , there has been a growing curiosity in black hole lensing and many interesting papers have appeared in last few years (see [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] and references therein).
In this paper, we study the time delay, magnification centroid, and total magnification of images due to gravitational lensing by Schwarzschild black holes and JanisNewman-Winicour naked singularities. One of the most striking results in this paper is that the strongly naked singularities can give rise to images with negative time delays. We use geometrized units (i.e., G = 1, c = 1) throughout this paper; however, we finally compute time delays in terms of minutes. We use MATHEMATICA [20] for computations.
II. LENS EQUATION, LIGHT DEFLECTION ANGLE, AND CLASSIFICATION OF NAKED SINGULARITIES
In this Section, we write in brief some of the results obtained in previous papers ([4, 5, 6, 7, 21, 22] ) and refine the classification of naked singularities given in [7] , because these are required for computations and analysis of results in this paper.
Virbhadra and Ellis [5] derived a gravitational lens equation that permits small as well as large bending angle of light, and that is given by tan β = tan θ − α,
D s , D ds and D d , respectively, are the observer-source, the lens-source, and the observer-lens distances.α is the light bending angle. θ and β are, respectively, angular positions of an image and an unlensed source measured from the optical axis. (See Fig. 1 in [5] .) The impact parameter J = D d sin θ. For small angles, the Eq. (1) reduces to the most well-known lens equation used for studying lensing in a weak gravitational field [23] .
In circularly symmetric gravitational lensing, the magnification µ of an image is
The tangential and radial magnifications are respectively expressed by
The singularities in µ t and µ r in lens plane give, respectively, tangential critical curves (TCCs) and radial critical curves (RCCs), and their corresponding values in the source plane are, respectively, known as the tangential caustic (TC) and radial caustics (RCs). Virbhadra et al. [4] considered a general static and spherically symmetric spacetime described the line element (5) and calculated the deflection angleα (r 0 ) and impact parameter J(r 0 ) for a light ray with the closest distance of approach r 0 . These are given bŷ
and
For D (r) = 1, equations (6) and (7) yield the results obtained by Weinberg [24] . The most general static and spherically symmetric solution to the Einstein massless scalar equations was independently obtained by Janis, Newman and Winicour as well as Wyman [25] . As both solutions were available in different coordinates, they were not known to be the same until Virbhadra [21] showed the equivalence between the two by a coordinate transformation. As Janis, Newman and Winicour obtained this solution about thirteen years before Wyman, we prefer to call it the Janis-NewmanWinicour solution. Thus, the Janis-Newman-Winicour solution (characterized by constant and real parameters, the ADM mass M and the scalar charge q) is expressed by the line element
and the massless scalar field
This solution is asymptotically Minkowskian and reduces to the Schwarzschild solution for q = 0 (i.e., ν = 1). The Janis-Newman-Winicour solution has a globally naked strong curvature singularity at r = b for all values of q = 0 and this solution is physically reasonable as it satisfies the weak energy condition [22] . Virbhadra et al. obtained the light deflection angleα (r 0 ) for large value of r 0 (see equation (24) in [4] ); we now re-express that using the equation (10), as follows:
Virbhadra and Ellis [5] as well as Claudel et al. [6] gave two different definitions of a photon sphere in a static spherically symmetric spacetime. Both definitions gave the same results for a general static and spherically symmetric metric. Thus, according to both definitions, the Janis-Newman-Winicour spacetime has only one photon sphere and that is situated at the radial distance [5, 6] 
As r = b is the curvature singularity, the photon sphere exists only for ν : 1/2 < ν ≤ 1. Defining
and using equations (6), (7) and (8), the deflection anglê α and the impact parameter J for a light ray in the JanisNewman-Winicour spacetime are expressed in the form [4, 5] 
Obviously, equation (12) can now be re-expressed as
Equation (15) with the expression for the impact pa-
The first derivative of the deflection angleα with respect to θ is given by [4, 7] dα dθ =α
where
The prime denotes the first derivative with respect to ρ 0 .
Virbhadra and Ellis [7] classified naked singularities in two groups: Weakly naked singularities (WNS) are those which are contained within at least one photon sphere, whereas strongly naked singularities (SNS) are those which are not covered within any photon spheres. Therefore, according to this classification, the JanisNewman-Winicour naked singularities are strongly naked for 0 ≤ ν ≤ 1/2 and weakly naked for 1/2 < ν < 1.
For Schwarzschild black holes (ν = 1) as well as WNS (1/2 < ν < 1), the deflection angleα (ρ 0 ) monotonically increases with the decrease in the closest distance of approach ρ 0 andα (ρ 0 ) → ∞ as ρ 0 → ρ ps . As both have qualitatively similarα vs. ρ 0 graph, their lensing features are also qualitatively similar [5, 7] . However, Virbhadra and Ellis [7] missed noticing a point: Though there are no photon spheres for ν = 1/2, the deflection angle behavior, according to the equation (20) , is similar to the cases of the Schwarzschild black holes and WNS; therefore, their gravitational lensing features will be also qualitatively the same. In view of this, we now prefer to term ν = 1/2 and 0 ≤ ν < 1/2 singularities, respectively, marginally strongly naked singularities (MSNS) and strongly naked singularties.
The mass parameter M = 0 in the Janis-NewmanWinicour solution describes the situation of a purely scalar field. We do not consider this case henceforth in this paper.
III. TIME DELAY, MAGNIFICATION CENTROID, AND TOTAL MAGNIFICATION
We consider light propagation in a static spherically symmetric spacetime described by the line element given by Eq. (5). The spherical symmetry of the spacetime allows us to consider, without loss of generality, null geodesics in the equatorial plane. We first obtain time required for light to travel from a source at coordinates {r, ϑ = π/2, ϕ = ϕ 1 } to the closest distance of approach at coordinates {r 0 , ϑ = π/2, ϕ = ϕ 2 }. Following the method used in [24] , a straightforward calculation thus gives the time required for light to travel from r to r 0 (or r 0 to r) that is expressed by
dr.
(21) D (r) = 1 in the above equation readily gives the result in [24] . Let R s and R o denote, respectively, the radial coordinates of the source and the observer measured from the center of mass of the deflector (lens). We now express these distances in terms of the constant parameter b (in the Janis-Newman-Winicour metric) by introducing
The time delay τ (ρ 0 ) of light traveling from the source to the observer with the closest of approach ρ 0 is defined as the difference between the light travel time for the actual ray in the gravitational field of the lens (deflector) and the travel time for the straight path between the source and the observer in the absence of the lens (i.e., if there were no gravitational fields.) As mentioned in Section II, we do not consider the case of purely scalar field in this paper; therefore, we assume that ν = 0 (i.e., M = 0). Using equations (8), (10) and (21), and the geometry of the lens diagram (see Fig. 1 in [5] ), we obtain the following expression for the time delay in the JanisNewman-Winicour spacetime:
with
The first and second terms in Eq. (23) give, respectively, the travel time of the light from the source to the point of closest approach and from that point to the observer. The last term gives the light travel time from the source to the observer in the absence of any gravitational field.
We use the equation (23) for computations in the next section. However, to see the behavior of the time delay function for a light ray traveling in the weak gravitation field far away from the lens, we carry out some analytical calculations following the method used in [15] . We obtain the time delay for images with large impact parameters. For given angular positions of the source and image, the time delay is given by
is an approximate expression for angular radius of the Einstein ring of Schwarzschild lensing. For the direct image, β 2 −θ 2 decreases with an increase in |β|. Therefore, for ν < 1/2 (SNS), the time delay of the direct image is negative for large β. This fact reflects in our computations in the next section.
We denote the time delay in the outermost image on the same side as the source (also called the direct image) by τ os . The differential time delay ∆τ of an image with time delay τ is defined by
(When there is only one image on the same side as the source, we use the symbol τ s instead of τ os .) The differential time delay is thus measured in reference to the direct image. The magnification-weighted centroid position (also called magnification centroid) of images is defined byΘ
Angles measured in clockwise and anti-clockwise directions from the optical axis have positive and negative signs, respectively. Further, the magnification centroid shift of images is defined by
The total absolute magnification (also, simply called total magnification) µ tot is defined by
The magnification centroid and the total magnification are very important physical quantities in studying microlensing when the images are not resolved.
IV. COMPUTATIONS
Virbhadra and Ellis [7] modeled massive dark objects (MDOs) at the centers of four different galaxies (including our galaxy) as Schwarzschild black holes (SBH) and Janis-Newman-Winicour naked singularities, and studied point source gravitational lensing by them. They obtained the angular positions of critical curves and caustics, and studied the variation of magnification against the angular position of images near the critical curves. However, they did not study the time delay, magnification centroid, and the total magnification; we accomplish these tasks in this paper.
We now consider the MDO at the center of our galaxy with the recent values for the mass M = 3.61 × 10 6 M ⊙ and the lens-observer distance D d = 7.62 kpc [26] . As in [7] , we take the lens (MDO) to be situated half way between the source and the observer, i.e., D ds /D s = 1/2. We model the Galactic MDO as a Schwarzschild black hole as well as Janis-Newman-Winicour WNS, MSNS, and SNS lenses. As we are considering updated values for M and D d of the Galactic MDO, we first re-compute critical curves and caustics, and their corresponding deflection angles of the light ray for several values of ν. For continuity and clarity in the analysis of the results, we will also mention some results from [4, 7] in the present and next sections of this paper.
The existence of a photon sphere covering a gravitational lens is a sufficient (but not necessary) condition for the occurrence of relativistic images. The SBH as well as WNS both are contained inside a photon sphere and both give rise to relativistic images. The MSNS lensing also produces relativistic images, even though it is not covered by a photon sphere. It is known that relativistic images are transient and extremely demagnified, and therefore their observations do not seem to be feasible in the near future [5] . Hence, we do not do computations for relativistic images in this paper.
As shown in Table I , there is only one Einstein ring and no RCC for the case of SBH (ν = 1), WNS (ν = 0. 9, 0.8, 0.7, 0.6) , and MSNS (ν = 0.5). The angular positions of the Einstein rings decrease very slowly with a decrease in the value of ν (equivalently, an increase in the value of (q/M )
2 ). In the case of SNS lensing (0 ≤ ν < 1/2), there are two situations: There is always one RCC; however, there can be two (for example, for ν = 0. 4, 0.3, etc.) or none Einstein rings (for example, for ν = 0.001 and any lower but nonnegative values of ν). For the cases of double Einstein rings, the angular radii of outer and inner rings, respectively, decrease and increase with a decrease in the value of ν. For a detailed analysis of these RCCs and TCCs, see [7] .
We now compute image positions, the corresponding deflection angles of light, magnifications, time delays, and differential time delays for several values of the angular source position for different values of ν = 1 (SBH), ν = 0.7 (WNS), ν = 0.5 (MSNS), and ν = 0.04, 0.02, 0.001 (SNS). Though we give only a few data in the tables, we have computed and used many more data points for the figures.
The gravitational lensing effects due to the SBH, WNS, and MSNS are qualitatively similar, though they differ quantitatively by small values (see Tables II through IV and Figure 1 ). For each case, there are two images, one on each side of the optical axis. As the source moves away from the optical axis, the image on the same side as the source (i.e., the direct image) moves away from the axis, whereas the image on the opposite side of the source moves toward the axis. The absolute magnification of both images decreases. For a given value of ν, with an increase in the angular position of the source, the time delays of the images on the same side as the source decrease, whereas the time delays and differential time delays of the image on the opposite side from the source increase. The rate of decrease in time delay of the image on the same side as the source is much slower than the rate of increase in time delay of the image on the opposite side from the source. For any given value of the angular source position, the time delays of both images and the differential time delay of the image on the opposite side from the source decrease with a decrease in the value of ν (equivalently, increase in (q/M )
2 ). Gravitational lensing by a SNS is qualitatively very different from lensing by SBH, WNS, or MSNS (see Tables  V through IX and Figures 2 through 4 ). For ν = 0.04 and 0.02, when the lens components (the source, lens and observer) are perfectly (or nearly) aligned, there are two concentric Einstein rings (the inner ring much fainter than the outer one). As the alignment is broken, the two Einstein rings break into four images, two images on each side of the optical axis. The time delay of direct image decreases with an increase in β. For ν = 0.04, the time delay of the direct image is positive for small β and negative for large β; however, the time delays for other images are positive for all values of β. On the other hand, for ν = 0.02, the time delay of the direct image is always negative; however, the other three images have negative time delays for small β and positive for large β, passing through the zero time delay point. For a given value of β, the time delays of images are in the following decreasing order: the inner image on the opposite side from the source, inner image on the same side as the source, outer image on the opposite side from the source, and the direct image. However, for any given value of β, the absolute magnifications of images are not in the exact reverse sequence; they are rather in the following decreasing order: The direct image, outer image on the opposite side from the source, inner image on the opposite side from the source, and inner image on the same side as the source. The differential time delays are always positive. It is worth emphasizing that the negative and positive time delays are respectively not necessarily due to negative and positive bending angles. A light ray with a positive deflection angle may give rise to positive or negative time delays, and the same is true for a light ray with a negative deflection angle. If β increases, the angular separation between images on the same side as the source increases (the inner and outer images move respectively toward and away from the optical axis). However, the angular separation between images on the op- Table I . Table I . 
The time delays of the images on the opposite side from the source τo, the same side as the source τs, and the differential time delay of the images on the opposite side from the source ∆τo are plotted against the angular source position β for ν = 1 (SBH), ν = 0.7 (WNS), and ν = 0.5 (MSNS). M/D d ≈ 2.26 × 10 −11 and D ds /Ds = 1/2. The time delays as well as differential time delays are expressed in minutes whereas the angular source position is given in arcseconds. 
The time delays of the outer image on the same side as the source τos, inner image on the same side as the source τis, inner image on the opposite side from the source τio, and outer image on the opposite side from the source τoo are plotted against the angular source position β for ν = 0.04 (SNS). Also, the differential time delays of the inner images on the same side as the source ∆τis, inner images on the opposite side from the source ∆τio, and outer images on the opposite side from the source ∆τoo are plotted against β for the same value of ν. D ds /Ds = 1/2 and M/D d ≈ 2.26 × 10 −11 . The time delays as well as differential time delays are in minutes whereas the angular source position is expressed in arcseconds. posite side from the source decreases (the outer and inner images move respectively toward and away from the optical axis) and for some value of β these two images coalesce to form one highly magnified image; for example, for ν = 0.02, the angular positions of the source and image are β ≈ 210.2934 arcseconds (RC) and θ ≈ −0.004591 arcsecond (RCC), respectively. The opposite signs on these two values show that the RCC and RC are on the opposite sides of optical axis (see Table I ). For further increase in β, there are no images on the opposite side from the source. For ν = 0.001, see Table IX side of the optical axis. For β ≈ 0.808397 arcsecond (RC), there is a highly magnified image at the angular position θ ≈ 1.115015 arcseconds (RCC). The signs on RC and RCC being the same implies that this image appear on the same side as the source. As β further increases, the image splits into two and the inner and outer (direct) images move toward and away from the optical axis, respectively; the magnification of inner image decreases much faster than the outer one. The time delay of the direct image for this case is always negative and decreases slowly with an increase in β. The time delay of the inner image, however, is negative for small β and positive for large β, passing through the zero time delay for a certain value of β. The increase rate of time delay of the inner image is much higher than the decrease rate of time delay of the direct image. For the inner image, the deflection angles are positive and negative respectively for small and large values of β; however, for the direct image it is always positive. As for other cases already discussed, the differential time delay of the inner image is always positive.
We now compute the magnification centroid, magnification centroid shift, and the total magnification for ν = 1(SBH), ν = 0.7 (WNS), ν = 0.5 (MSNS), and ν = 0.04, 0.02, 0.001 (SNS) for several values of β (see Tables X through XII) . We then plot these quantities against β (see Fig. 5 ). For a fixed value of ν, the magnification centroid increases with an increase in β. For small values of β, the graph is bulged up and then tends to become straight as β increases. For a fixed value of β, the magnification centroid decreases with a decrease in ν (i.e., increase in (q/M ) 2 ); the decrease is however too small for these five graphs to appear resolved even if these were plotted on an entire page. As β increases, the magnification centroid shift first increases, reaches a maximum value, and then starts decreasing to the limiting value zero. For a given value of β, the magnification centroid shift decreases with a decrease in the value of ν. For a given value of ν, the total magnification is, as expected, very high for small β and it decreases to the limiting value one, as β increases. For any given value of β, however, the total magnification increases with a decrease in the value of ν. Thus, the presence of scalar charge helps increase the total magnification. This would provide a modest increase in the likelihood of observing lensing by Sgr A * (see [27] and references therein). All the images produced by the Galactic MDO (modeled as a Schwarzschild black hole and naked singularity lenses) may be resolved from each other by observational facilities available in the near future. Therefore, the results of magnification centroid and total magnification may not be needed. However, our studies help us understand the role of scalar field on the magnification centroid and total magnification, which could be useful while studying gravitational lensing by exotic dark objects having rather small value of M/D d .
V. DISCUSSION AND CONCLUSION
The naked singularities are classified in three categories: WNS, MSNS, and SNS. We modeled the Galactic MDO as the SBH, and Janis-Newman-Winicour WNS, MSNS and SNS lenses, and studied point source gravitational lensing by them. We found that the gravitational lensing effects due to the SBH, WNS, and MSNS are qualitatively similar (but these differ slightly quantitatively) to each other; however, they differ qualitatively from SNS lensing. Therefore, it will be easier to observationally differentiate a SNS (compared to a WNS or a MSNS) from a SBH.
SBH, WNS and MSNS lensing. These do not give rise to any radial caustics; however, they do produce one Einstein ring when the lens components are aligned (i.e. β = 0). When β increases, the Einstein ring splits into two images, one on each side of the optical axis. The time delays for both images are positive for all values of β. For a given value of β, a decrease in ν, i.e., an increase in (q/M ) 2 , decreases the absolute angular image positions, time delays, magnification centroid, and magnification centroid shift; however, it increases the magnitude of magnifications of images and therefore also the total magnification. The differences are however very small. The deflection angleα becomes unboundedly large as the impact parameter J → J ps for the SBH and WNS, and J → 0 for the MSNS [7] . SNS lensing. There are two types of lensing in this category. In the first, for example for the case of ν = 0.02, there are double concentric Einstein rings (when β = 0) and one radial critical curve (when β ≈ 210.2934 arcseconds). As the angular position of the source increases from the alignment position of the lens components (i.e., β = 0), the two Einstein rings "break" into four images, giving two images on each side of the optical axis. The separation between images on the same and opposite side from the source, respectively, increases and decreases as β increases, and eventually the two images on the opposite side from the source coalesce to form a single highly magnified image. For any further increase in β, there are only two images on the same side as the source. The second category of SNS lensing, for example for ν = 0.001, there is one RC; however, there is no Einstein ring when β = 0. Moreover, there is no image for small values of β. As β increases, a highly magnified image (RCC) first appears on the same side as the source. A further increase in β splits this into two images and the separation between them keeps increasing (both images remaining on the same side as the source). The time delay of images of SNS lensing may be positive, zero, or negative depending on the values of ν and β. However, the time delay of a direct image is negative for any SNS lensing if β is large. As shown in [7] , the deflection angleα approaches −π as the impact parameter approaches its minimum value zero. Therefore, if a light ray is sent radially toward a SNS, it will "bounce"; however, it remains to be computed whether or not the "reflected" light has enough magnification to be observed by present instruments or by those likely to be available in near future. This may serve as a crucial test for the existence of SNS.
The naked singularity lensing gives rise to images of smaller time delay and stronger magnification than the black hole lensing. Therefore, if naked singularities indeed exist in nature, then these will serve as better cosmic telescopes and will help probe the universe more efficiently. The results obtained in this paper also helps understand the effects of scalar field on gravitational lensing, which could have valuable implications for research in cosmology.
The Janis-Newman-Winicour metric also describes the exterior gravitational field of a scalar star. Therefore, results obtained in this paper for naked singularities are also applicable to scalar stars. The scalar star however must be compact enough for the images not to be obstructed.
The metric we considered in this paper may or may not be physically realistic. However, gravitational lensing studies with this metric serves as a stepping stone to understand the distinctive lensing features of black holes and naked singularities. It would be indeed of great astrophysical significance to obtain distinguishing qualitative lensing characteristics of Kerr black holes and naked singularities, so that the weak cosmic censorship hypothesis could be tested observationally without any ambiguity.
